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CSW rules for massive matter legs and glue loops 

Rutger Boels^ and Christian Schwinn''* 
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Cachazo-Svrcek-Witten-type Feynman rules for massive matter scalar legs and pure glue loops are presented, 
obtained by deriving them directly from the space-time action. We comment on the derivation and some sample 
applications, in particular to calculating one loop effects in pure Yang-Mills theory. Furthermore, we derive CSW 
rules for effective Higgs-gluon couplings studied in the literature. In addition, it is shown how twistor techniques 
for deriving canonical field transformations explored for massless scalars extend to massless fermions. 
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1. Introduction 

Witten's observations [1_ about the twistor 
structure of scattering amplitudes have triggered 
many people to (re)consider a plethora of tech- 
niques for calculating scattering amplitudes, some 
of which may be relevant for actual experiments 
to be performed at the LHC. Apart from this di- 
rect physical motivation, there is also the appear- 
ance of unexpected simplicity within the results 
of the calculations. One of these is the by now old 
result of Parke and Taylor about the simplicity of 
the tree level amplitudes for gluons with two he- 
licities unequal from the others [2]. This result 
is obscure when using textbook perturbation the- 
ory. Even better, one can calculate all amplitudes 
in tree level Yang-Mills by combining MHV am- 
plitudes as if they were vertices ^ using a simple 
prescription for off-shell momenta. Usually sim- 
ple results in complicated calculations in physics 
are the consequence of a symmetry. Therefore we 
can try to elucidate the symmetry underlying the 
CSW rules by deriving them from the space-time 
Lagrangian. In a Lagrangian the symmetries of a 
problem should be central, which was historically 
the main reason why 'actions' beat the 'analytic 
S-matrix' method. In recent years however many 
new technologies have pushed the latter program 
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much beyond action based approaches in some 
areas. This note is not going to change that just 
yet, although there are already some interesting 
other applications of our formalism. 

In the work described here, CSW rules for 
Yang-Mills theory coupled mainly to a massive 
scalar are studied following [415] . to which the 
reader is referred for details, definitions, conven- 
tions and a more complete bibliography. This 
study is motivated through supersymmetry in two 
ways. First of all, through a susy Ward iden- 
tity [6] amplitudes with massive scalar legs are 
directly connected to amplitudes with massive 
quark legs. Second, through supersymmetric de- 
composition one can calculate the rational part of 
gluon amplitudes in pure Yang-Mills theory using 
massive scalars in the loop. Both of these are di- 
rectly relevant for phenomenology, apart from the 
fact that the standard model contains an (uncol- 
ored) scalar. Furthermore, our derivations eluci- 
date the exact connection between two seemingly 
different derivations of CSW rules in the litera- 
ture and shows equivalence of the field transfor- 
mations. This latter point is extended to massless 
fermions in this short note by studying the twistor 
lifting formulae for fermions. 

2. The rules 

We study a scalar field ip in the fundamental 
representation of the gauge group described by 
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the space-time Lagrangian 

C = CiA)+C4, = C{A) + iD^(j))^D^'<j)~m^(j)U (1) 

where = — igA. By a field transformation 
method one can derive from this massive CSW 
rules in terms of the new gluon fields B and B 
and scalar fields ^ and ^, 



Vcsw{Bi, B2, ■ ■ ■ Bi, . . . , Bn) 



(12) . . . ((n- l)n) {nl) 

VcSwiil,B2,...B,,...^n) - 



(12)...((n-l)n) (nl) 
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(3) 
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{l^f{{^ + l)ny 
(12)... (nl) 



(l(^ + l))(»n) 
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(4) 

and an additional tower of vertices with a pair of 
scalars and an arbitrary number of positive helic- 
ity gluons that is generated from the transforma- 
tion of the mass term: 



^CSw(6,i?2,...,Cn)=*2"/2"l 



— rn (In) 



(12) . . . ((n - l)n) 
(5) 



These vertices are combined into amplitudes by 
using the propagators 



(6) 



Spinors corresponding to off-shell gluons and both 
on-shell and off-shell scalars are understood as 
usual in the CSW rules [3] and are obtained from 
the momentum by contraction with an arbitrary 
but fixed anti-holomorphic spinor 77°: 

equivalentljH, they can be defined by 

P P = P - 7i — V V (8 
which will be used below. 



2.1. Sample applications 

First of all, we have verified for a set of exam- 
ples with small numbers of particles and in the 
general class of amplitudes with plus helicity glu- 
ons and two scalars that the above set of Feynman 
rules reproduce known field theory results. Fur- 
thermore, since these rules are holomorphic they 
elucidate the twistor structure of massive scalar 
amplitudes. 

BCFW recursion 

An interesting application of the above rules is 
to construct a simple proof of BCFW recursion re- 
lations for massive scalars which follows the lines 
of that for mass-less gauge fields using CSW rules 
[7] . This greatly simplifies the analysis compared 
to previous derivations. 

Glue loops 

As mentioned before, one can calculate pure 
glue one-loop amplitudes by tying a mass-less 
scalar coupled to Yang-Mills into a loop. How- 
ever, by employing dimensional regularisation, 
the scalar does acquire an effective mass, which 
get integrated over. We verified that the above 
rules compute the correct four point all-plus one 
loop amplitude. Since collinear limits of positive 
helicity gluons are manifest in our rules, this fixes 
the form of the all-plus scattering amplitudes, up 
to the usual five point ambiguity. 

The rules make explicit that some scattering 
amplitudes such as all-plus gluon ones are explic- 
itly suppressed by a factor of e in dimensional 
regularisation. The only way non-zero answer can 
arise then is if there is a UV pole in the calcula- 
tion. Hence these amplitudes seem to arise as an 
anomaly of some sorts 0- 

Ramifications for pure Yang-Mills loops 

A similar analysis directly for the pure glue 
Yang-Mills theory suggests a quantum comple- 
tion of the CSW rules by adding a vertex of the 
form 
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up to a trivial field renormalisation 
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to the pure glue MHV vertex This is ob- 

tained directly from a ^^AA term in the lightcone 
Yang-Mills theory. This term has some desirable 
features, but it would be interesting to verify that 
only adding this term leads to all the correct scat- 
tering amplitudes. It does suggest however that 
even at higher loops there is an interesting strati- 
fication of contributions to the loop amplitudes 
which is in need of further clarification. One 
consequence would be that loop diagrams made 
only of CSW vertices always reproduce the lead- 
ing poles in the e expansion. 

Effective Higgs-gluon couplings 

The Higgs scalar is uncharged under the strong 
gauge group, but it does couple to fermions and 
fermions couple to glue. Hence, there is an ef- 
fective coupling induced by loops. See e.g. ^9J 
and references therein. In the approximation of 
heavy (top) quark mass, this interaction can be 
modelled by a local vertex formed by a dimension 
5 operator. This gives 

tr — [ dx^HF^ = ti [ dx^HF^. (10) 

Q-KV J J 

with V ^ 2A6GeV. In order to derive the CSW 
rules from this one should split H = (p + (p^ and 
write 

J dx^HF^ - J dx*(t)Fl + (j)^Fl (11) 

Using the twistor derivation as for pure glue 
Yang-Mills discussed below, it is easy to show 
that the CSW rules for pure Yang-Mills and the 
field (f) consist of the vertices 

Vn{(j)l, ■ ■ ■ (t>l~l,Bi, . . . , Bi, . . . , Bj, . . . , Bn) = 

i2"/2-i (12) 

{l{l + 1)) . . . {{n - l)n) (nl) ^ ' 

and the CSW gluon propagator. Here I runs from 
to oo. The result for ^ = 1 was obtained earlier 
[9] based on supersymmetric considerations and 
BCFW relations. In addition, one can add matter 
using the Noether procedure on twistor space and 
even more complicated couplings can be handled. 

Note however, for any scattering amplitude for 
the physical H fields, separate amplitudes for 



and (j)'' need to be calculated. It would be nice 
to see if there is an application of the above ob- 
servations to the exception of the scattering of a 
Higgs, pseudo-scalar Higgs {(j) — (p^) and glue. 

3. Deriving them rules 

Two completely differently motivated action 
based derivations of CSW rules have appeared in 
the literature. The basic idea in both is to con- 
sider a canonical field transformation which triv- 
ialises the self-dual part of the Yang-Mills theory. 
However, the details arc very different. 

Canonical transformation 

In a development initiated by Mansfield [TU] 
and pushed further by Ettle and Morris [llj . 
the starting point is the lightcone Yang-Mills 
Lagrangian. In terms of helicitics, the action 
roughly takes the form 

L = Lj^^ + Lj^j^^ + Lj^^^ + L^^^^ (13) 

after fixing lightcone gauge and integrating out 
the conjugate momentum to the lightcone gauge 
choice. Mansfield's basic idea was to study a 
canonical field transformation which trivialises 
part of the theory, 

^AA + ^AAA = ^BB (14) 

The theory on the left-hand side can be identi- 
fied with self-dual Yang-Mills theory [H]. This 
equation and the canonicality constraint can be 
explicitly solved [llj by expansion in terms of the 
new fields 

A = ^T(pl...p,)Sl•■•5^ 

(15) 

A^Yl ^^P^ ■ ■ -P')^^ ■ ■ ■ Bj-iBjBj+i ...B, 

(16) 

with relatively simple expressions for the trans- 
formation coefficients. The two remaining terms 
in the action are then in the new variables sums 
over vertices with the MHV field content. It has 
furthermore been verified up to 5 gluons that the 
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resulting expressions indeed sum to MHV ver- 
tices with precisely the off-shell continuation en- 
visioned by CSW. A subtlety [13] related to the 
LSZ reduction formula will be ignored in the fol- 
lowing; this affects only the MHV 3 point tree 
level gluon amplitude in the current paper. 

A similar but more involved derivation can be 
followed for massless scalars [5] or for massive 
ones (treating the mass term as a vertex and us- 
ing the same transformation as the massless case). 
Just as for pure glue, it is easy to see that vertices 
with MHV field content are generated. However, 
just as there it is generically hard to prove that 
they the vertices reduce to MHV expressions even 
for few-particle amplitudes. The exception to 
these are the transformation of (0t0)'-type terms. 
Luckily, the other vertices can be obtained in a 
different way. 

Twistor actions 

In an action for four dimensional field theory 
one always integrates the Lagrangian over W^, 
since this is the space on which the Lorentz group 
acts linearly. It is known that it is very hard to 
extend this group (non-trivially) while retaining 
non-pathological scattering behaviour 14J. The 
only known exceptions to this are supersymme- 
try and conformal symmetry. Focusing on the 
not-so-much studied latter option, one could ask 
the question if given a space-time action there is 
a Lagrangian on the space on which the confor- 
mal group in four dimensions acts linearly. This 
group, 50(6) ^ SU{4,) (temporarily ignoring sig- 
nature), acts linearly on the complex space CP'^, 
which is also known as twistor space. 

To make this question more precise we will 
work in Euclidean space-time for technical rea- 
sons, as there one obtains schematically 

CP^=]R*xCP^ (17) 

Hence one useful way to view twistor space in Eu- 
clidean signature is as a so-called harmonic space: 
every field on it depends on coordinates {xaa, tt^), 
where tt are homogeneous coordinates on the Rie- 
mann sphere CP\ These fields can be expanded 
in harmonics on the extra sphere (see appendix 
D of [S]). Inverting the expansion gives fields on 
space-time as integrals over the extra sphere co- 



ordinate of certain twistor fields. This is the basic 
observation which allows one to lift off-shell fields 
on space-time to twistor space. 

Since twistor space is strictly larger than space- 
time, there is a certain ambiguity in how to lift 
fields. This manifests itself in a twistor action 
in gauge symmetries which exist even for mat- 
ter fields. Note that gauge symmetry on twistor 
space will naturally be larger than usual since the 
gauge parameter will depend on 6 instead of 4 real 
variables. The extra gauge symmetry can be fixed 
in several ways. There is for instance a natural 
'space-time' gauge, which reduces the action to 
the space-time one. Fixing an axial gauge using 
a spinor r/" for all the fields however leads directly 
to the CSW rules p^, including the full vertices. 

In CSW gauge the self-duality equations of 
Yang-Mills turn out to be simply linear. More- 
over, as gauge transformations are simply linear 
canonical transformations, the construction is in 
spirit already very close to the canonical trans- 
formation method. This can be made precise by 
deriving the canonical transformation coefficients 
directly from the twistor lifting formulae, as done 
in [5J for scalars and gluons. 

4. Fermions in the twistor approach 

Similar twistor techniques as worked out for 
scalars can also be applied to fermion^ as in 
|16| where the action was obtained. However, 
there the field transformations for the fermions 
were not written explicitly. A canonical deriva- 
tion of a field transformation for fermions which 
gives the action an apparent MHV field content 
has recently appeared in [T7] which follows the 
same lines as the one in |4I5) . Since this is the 
harder part of comparing canonical and twistor 
approaches, it is straightforward to complete the 
comparison also for fermions by obtaining these 
results from the twistor action. In the appendix 
of [S], it was shown in an example how to couple 
fields to Yang-Mills theory in the twistor action 
approach using the Noether procedure. The same 
procedure can be followed for fermions transform- 
ing in the fundamental and below we indicate 

^This section contains material not presented at Loops 
and Legs. 
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briefly what changes for the hfting formulae com- 
pared to [5j, where all definitions may be found. 
The starting point is, again, 



(18) 

for two as yet uncharged weight —1 and —3 
twistor (0, 1) form fields tp, respectively and 
the natural volume form dk on the sphere. This 
action is invariant under tp ^ ip + df~^,ip 
tp + df~^. The gauge symmetry can be used to 
fix a gauge which reduces the above action to 



'fermion 



d'^XVa{x)d°'°'l^a{x) 



(19) 



The exact relation between v{x) and i){x^ tt) fields 
follows from the twistor lifting formulae, derived 
below. In general the field ipQ is 'pure gauge' by a 
cohomology argument on the Riemann sphere (or 
simply by inspecting the harmonic expansions of 
the field and the gauge symmetry), so unambigu- 
ously. 



(1) 



^^0(7^2) 
ji (7ri7r2) 



(20) 



One easy check is that under a gauge transforma- 
tion ip ip + df~^ left and right side transform 
identically. With this the field equation for V^" 
reads, 



do ^Ja{x,T:i) -f da 



ji (7ri7r2) 



(21) 



and hence the combination in parenthesis is inde- 
pendent of the sphere coordinate tti , 



1pa{x,TTi) -I- da 



ji (7ri7r2> 



Va{,x) 



(22) 



for some field Va ■ Plugging this back into the ac- 
tion immediately gives the other lifting formula. 



Va{x) 



IpOTTa 



(23) 



This particular formula also easily follows from 
a harmonic expansion argument (or an educated 
guess!). 



Coupling the fermion action (llSp to Yang-Mills 
gauge fields follows the lines of the appendix in |5] 
which leads to the results of [16]. Basically, the 
difference with the scalar action is the difference 
in weight on the twistor space of the fields. This 
exactly reproduces the (massless) supersymmet- 
ric Ward identities between the different matter 
field amplitudes if one calculates the MHV am- 
plitude in CSW gauge. By a similar argument, 
coupling in the gauge fields changes ([^^ and 
into: 

Vaix) = H^^^pa{x,^^l) 

+ H^'{da+Ba)Hj (24) 



ji (7ri7r2) 



Vaix) 



(25) 



To derive the formulae obtained in the canoni- 
cal approach to CSW diagrams, one can use the 
contraction with the projection on the physical 
states by |^ and respectively. Furthermore, 

in ((24|) it is advantageous to evaluate the formula 
at TT = 77 for which by gauge choice H(ri) = 1. 
This yields 



^{x) = i 

9{x) = I -iPqH 



H21IJ0 

[VP] icpi {W2) 

ivp) 



(26) 
(27) 



Using the fact that in CSW gauge all fields along 
the fibres will occur with 6{ria'^aP°'°') functions 
on the fibres and the expansion of the frames i?, 
these can be written as 



ivp) 



(ryl)(12)...((z-l)*) 
(Si...B,_i7/.(p,)) (28) 



i=l 



(12) (23) . . . (*77) {vp) 



(29) 



where we have used ((H]) and the following identi- 
fication of the normalisation of the fields, 



iPj = -i 



•4^3 = -iViMoj 
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Comparing this to [T^ , the above transformations 
are equivalent after translating their notation and 
normalisations into our conventions. In addition, 
the transformation of the field A in the lightcone 
approach gets additional contributions which can 
be derived just as for the scalars from the Bq field 
equation in the twistor equation, yielding exactly 
the extra terms in equation (2.67) in |17j after a 
translation. 

Similar techniques can in principle be ap- 
plied to obtain explicit field transformation co- 
efficients for A (and all the other fields) from 
twistor actions for arbitrary spin-0 and spin-^ 
matter content by similar arguments. Canonical- 
ity for instance is guaranteed by the fact a sim- 
ple gauge transformation is studied, which would 
need lengthy confirmation in the current form of 
the canonical approach. Note that this class of 
theories includes the full standard model. 



5. Conclusions 

We have presented the first example of com- 
plete CSW-type rules for massive scalar matter. 
Although the results offer only a partial improve- 
ment over ordinary Feynman rules in terms of an- 
alytic computational efficiency, there are several 
interesting applications to other types of problem, 
such as the proof of on-shell recursions relations 
for massive particles and the structure of one loop 
amplitudes in pure Yang-Mills. Especially for the 
latter there are serious open and interesting ques- 
tions remaining, in particular about the extend to 
which the vertex in equation Q forms a complete 
quantum completion of pure Yang-Mills theory. 

For the canonical approach, it would be inter- 
esting to investigate whether the mass term can 
be incorporated into the field transformation. In 
addition, a first order version of the canonical ap- 
proach starting from [12 would be interesting, as 
this is the starting point of the twistor approach. 
For the latter one natural question is if the per- 
turbation series for the electroweak sector of the 
standard model can be simplified using the extra 
twistor symmetry. All the ingredients are there 
but still need a clever gauge choice to become ef- 
fective. 
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